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RELATIVE HOMOLOGY AND MAXIMAL
l-ORTHOGONAL MODULES
MAGDALINI LADA
Introduction
Maximal l-orthogonal modules for artin algebras were introduced by
Iyama in [10] and [11], and were used to define a natural setting for
developing a ‘higher dimensional’ Auslander-Reiten theory. In the sec-
ond of these papers Iyama conjectures that the endomorphism ring of
any two maximal l-orthogonal modules, M1 and M2, are derived equiv-
alent. He proves the conjecture for l = 1, and for l > 1 he gives some
orthogonality condition on M1 and M2, such that the EndΛ(M2)
op-
EndΛ(M1)-bimodule HomΛ(M2,M1) is tilting, which implies that the
rings EndΛ(M2) and EndΛ(M1) are derived equivalent (see [9]). The
purpose of this paper is to characterize tilting modules of the form
HomΛ(M2,M1) in terms of the relative theories induced by the Λ-
modules M1 and M2, thus getting a generilization of Iyama’s result.
Relative homological algebra, which we use throughout this paper, was
developed by M. Auslander and Ø. Solberg in a series of three pa-
pers [1], [2], [3] and was used to study the representation theory of
artin algebras.
Iyama’s conjecture for maximal l-orthogonal modules is motivated
by the connection between maximal l-orthogonal modules and non-
commutative crepant resolutions, which was shown in [11]. In particu-
lar Iyama proved that if R is a complete regular local ring of dimension
d ≥ 2 and Λ is an R-order which is not an isolated singularity, then
a Cohen-Macaulay Λ-module M , which is a generator and cogenerator
for modΛ, gives a non-commutative crepant resolution if and only if
M is maximal (d − 2)-orthogonal. Considering maximal l-orthogonal
modules as analogs of modules giving crepant resolutions, Iyama’s con-
jecture for maximal l-orthogonal modules is the analog of the Bondal-
Orlov-Van den Bergh conjecture for crepant resolutions (see [5], [13]).
Let us fix some notation that we will use in the rest of this paper.
By Λ we will denote an artin algebra and by modΛ the category of
finitely generated left Λ-modules. If M is in modΛ, we denote by
addM the full subcategory of modΛ, consisting of summands of direct
sums of M . A generator-cogenerator for modΛ, is a Λ-module M
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such that addM contains all the indecomposable projective and the
indecomposable injective Λ-modules. Maximal l-orthogonal modules
have this property.
In the first section,we recall some concepts from relative homological
algebra and we study further the relative theories induced by generator-
cogenerators for modΛ. In the second section we give Iyama’s defini-
tion for maximal l-orthogonal modules and state his conjecture. We
prove our main theorem which is, as we already mentioned, a charac-
terization of tilting modules of the form HomΛ(M2,M1) and we apply
it to maximal l-orthogonal modules. In this way we are able to give
a condition on two maximal l-orthogonal modules, so that the conjec-
ture is true. We prove that Iyama’s orthogonality condition implies
our condition and give an example which shows that our condition is
actually weaker.
1. Relative and absolute homology
The aim of this section is first to recall some basic definitions and re-
sults on relative homology, and second to look especially at the relative
theory induced by a generator-cogenerator for modΛ. In particular we
relate the global dimension of the endomorphism ring of a generator-
cogenerator M in modΛ, with the relative - with respect to M - global
dimension of Λ (it will be defined precisely later). Moreover we will
compare the relative homology induced by such a module, with the
ordinary absolute homology. For unexplained terminology and results,
we refer to [1] and [2].
Let F be an additive sub-bifunctor of Ext1Λ(−,−) : (modΛ)
op×modΛ→
Ab, where Ab denotes the category of abelian groups. A short exact
sequence (η) : 0 → A → B → C → 0, in modΛ, is called F -exact if
η is in F (C,A). A Λ-module P is called F -projective if for any F -
exact sequence 0 → A → B → C → 0, the sequence HomΛ(P,B) →
HomΛ(P,C) → 0 is exact. Dually, a Λ-module I is called F -injective
if for any F -exact sequence 0 → A → B → C → 0, the sequence
HomΛ(B, I)→ HomΛ(A, I)→ 0 is exact. We denote by P(F ) the full
subcategory of modΛ consisting of all F -projective Λ-modules and by
I(F ) the one consisting of all F -injective Λ-modules. Note that if P(Λ)
and I(Λ) denote the subcategories of projective and injective modules
in modΛ respectively, we have that P(Λ) ⊆ P(F ) and I(Λ) ⊆ I(F ).
In this paper we work with sub-bifunctors of Ext1Λ(−,−) of the fol-
lowing special form. Let M be in modΛ. For each pair of Λ-modules
A and C we define
FM(C,A) = {0→ A→ B → C → 0 | HomΛ(M,B)→
HomΛ(M,C)→ 0 is exact}
RELATIVE HOMOLOGY AND MAXIMAL l-ORTHOGONAL MODULES 3
and dually
FM(C,A) = {0→ A→ B → C → 0 | HomΛ(B,M)→
HomΛ(A,M)→ 0 is exact}.
It was shown in [1], that the above assignments give additive sub-
bifunctors of Ext1Λ(−,−). It is straightforward that P(FM) = P(Λ) ∪
addM and I(FM ) = I(Λ) ∪ addM . Moreover, it is known that for
any short exact sequence 0 → A → B → C → 0 and any Λ-module
M , the sequence HomΛ(M,B) → HomΛ(M,C) → 0 is exact if and
only if the sequence HomΛ(B,DTrM) → HomΛ(A,DTrM) → 0 is
exact. Using this fact it is easy to see that FM = F
DTrM , so I(FM ) =
I(Λ)∪addDTrM , and FM = FTrDM , so P(F
M) = P(Λ)∪addTrDM .
Hence we have a complete picture of the F -projectives and F -injectives
for sub-bifunctors of the above form.
Another nice property of a sub-bifunctor F = FM of Ext
1
Λ(−,−) is
that it has enough projectives, in the sense that for any Λ-module C,
there exists an F -exact sequence 0 → K → P → C → 0, with P
in P(F ). Note that the map P → C is nothing but a right P(F )-
approximation of C which we know is an epimorphism since P(Λ) ⊆
P(F ). Dually we see that F = FM has enough injectives.
Let F = FM and C in modΛ. An F -projective resolution of C is an
exact sequence
· · · → Pl
fl−→ Pl−1 → · · · → P1
f1
−→ P0
f0
−→ C → 0
where Pi is in P(F ) and each short exact sequence 0 → Im fi+1 →
Pi → Im fi → 0 is F -exact. Note that such a sequence exists for
any Λ-module since F = FM has enough projectives. The sequence is
called a minimal F -projective resolution if in addition each Pi → Im fi
is a minimal map. The F-projective dimension of C, which we denote
by pdFC, is defined to be the smallest n such that there exists an
F -projective resolution
0→ Pn → · · · → P1 → P0 → C → 0.
If such n does not exist we set pdFC = ∞. Dually, we can define
the notion of a (minimal) F-injective resolution and the F-injective
dimension, idFC, of C. Then, the F-global dimension of Λ is defined
as:
gldimF Λ = sup{pdFC | C ∈ modΛ} (= sup{idFC | C ∈ modΛ}) .
In the special case where M is a generator-cogenerator for modΛ,
we have the following nice connection between the global dimension of
the endomorphism ring of M and the relative global dimension of Λ.
Proposition 1.1. Let M be a generator-cogenerator for modΛ. Then,
for any positive integer l, the following are equivalent:
(a) gldimEndΛ(M) ≤ l + 2
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(b) gldimFM Λ ≤ l
(c) gldimFM Λ ≤ l.
Proof. (a)⇒(b) Let N be a Λ-module and let
· · · →Ml →Ml−1
fl−1
−−→ · · · →M1 → M0 → N → 0
be a minimal FM -projective resolution of N . Set Kl−1 = Ker fl−1. We
will show that Kl−1 is in addM . Applying the functor HomΛ(M,−) to
the above sequence, we get the long exact sequence
η1 : . . .→ HomΛ(M,Ml)→ HomΛ(M,Ml−1)
Hom(M,fl−1)
−−−−−−−→ · · · →
HomΛ(M,M1)→ HomΛ(M,M0)→ HomΛ(M,N)→ 0.
Note that KerHom(M, fl−1) = Hom(M,Kl−1). Let also
0→ N → M0
f
−→M1 → · · ·
be the beginning of an FM -injective resolution of N . Applying the
functor HomΛ(M,−) to this sequence, we get the long exact sequence
η2 : 0→ HomΛ(M,N)→ HomΛ(M,M
0)
HomΛ(M,f)
−−−−−−−→ HomΛ(M,M
1)→ X →, 0
where the EndΛ(M)
op-moduleX is the cokernel of the map HomΛ(M, f).
Combining now the sequences η1and η2 we get the long exact sequence
. . .→ HomΛ(M,Ml)→ HomΛ(M,Ml−1)→ · · · → HomΛ(M,M1)→
HomΛ(M,M0)→ HomΛ(M,M
0)→ HomΛ(M,M
1)→ X → 0
Since the Λ-modules Mi for i = 0, 1, . . . and M
j for j = 0, 1 are
in addM , the EndΛ(M)
op-modules HomΛ(M,Mi), i = 0, 1, . . . and
HomΛ(M,M
j), j = 0, 1 are projective. So the EndΛ(M)
op-module
HomΛ(M,Kl−1) is an (l + 2)-th syzygy of the EndΛ(M)
op-module X .
Since gldimEndΛ(M) ≤ l+ 2, the module HomΛ(M,Kl−1) has to be a
projective EndΛ(M)
op-module, soKl−1 is in addM . Thus gldimFM Λ ≤
l.
(b)⇒(a) Let X be an EndΛ(M)
op-module and let
. . .→ HomΛ(M,Ml+2)
dl+2
−−→ HomΛ(M,Ml+1)→ · · · → HomΛ(M,M2)
d2−→
HomΛ(M,M1)
d1−→ HomΛ(M,M0)→ X → 0
be a projective resolution of X . Since M is a generator for modΛ, the
functor HomΛ(M,−) is full and faithfull hence we have that Ker di =
HomΛ(M,Ki) where Ki is the kernel of the morphism fi : Mi →Mi−1,
with HomΛ(M, f) = di, for i > 0. We will show that Ker dl+1 is a
projective EndΛ(M)
op-module. The sequence
· · · →Ml+2
fl+2
−−→Ml+1 → · · · → M2 → K1 → 0
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is an FM -projective resolution ofK1. Since gldimFM Λ ≤ l, we have that
Kl+1 is in addM and hence HomΛ(M,Kl+1) is a projective EndΛ(M)
op-
module. So gldimEndΛ(M) ≤ l + 2.
Thus we have proved the equivalence of (a) and (b). The proof of
the equivalence of (a) and (c) is symmetric. 
Note that the above result was basically already known and can be
found, for example in [8], in a different form. But, besides the fact that
using relative homology helps in having a simpler statement, there is
also the advantage of getting extra information about coresolutions of
Λ-modules in addDTrM and resolutions of Λ-modules in addTrDM ,
since FM = F
DTrM and FM = FTrDM . In particular, for selfinjective
algebras, we have the following consequence.
Corollary 1.2. Let Λ be a selfinjective artin algebra and X be in
modΛ. Then, for any positive integer l, the following are equivalent:
(a) gldimEndΛ(Λ⊕X) ≤ l + 2,
(b) gldimEndΛ(Λ⊕ DTrX) ≤ l + 2,
(c) gldimEndΛ(Λ⊕ TrDX) ≤ l + 2.
Remark. A straightforward consequence of the above corollary is that
if Λ is a selfinjective artin algebra, then Λ⊕X is an Auslander gener-
ator (that is, a generator-cogenerator for modΛ such that the global
dimension of its endomorphism ring gives the representation dimension
of Λ) if and only if Λ⊕DTrX is an Auslander generator.
Let A and C be in modΛ. Knowing that for sub-bifunctors F = FM
of Ext1Λ(−,−) any Λ-module has an F -projective and an F -injective
resolution, one can define the right derived functors ExtiF (C,−) and
ExtiF (−, A) of HomΛ(C,−) and HomΛ(−, A) respectively, in the same
way as in the case P(F ) = P(Λ). Moreover, it can be proved that
ExtiF (C,−)(A) is then isomorphic to Ext
i
F (−, A)(C) and that for i = 1
we have that Ext1F (C,A) = F (C,A).
Although Ext1F (C,A) is a subgroup of Ext
1
Λ(C,A), very little is
known about how the ExtiΛ(C,A)-groups and the relative Ext
i
F (C,A)-
groups are related for i > 1. In the next proposition we consider a
case where these two coincide. This will help us in the next section
to compare Iyama’s condition on maximal orthogonal modules to our
result. For X and Y in modΛ we write X ⊥k Y if Ext
i
Λ(X, Y ) = (0),
for 0 < i ≤ k. Abusing the notation, we will write X ⊥k Y even for
k = 0 but this will mean no condition on X and Y .
Proposition 1.3. Let M1 and M2 be in modΛ such that M2 is a
generator for modΛ and M1 is a cogenerator for modΛ. The following
are equivalent for a positive integer k:
(a) M2 ⊥k M1,
(b) For any C in modΛ, ExtiFM2
(C,M1) ≃ Ext
i
Λ(C,M1), for 0 <
i ≤ k
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(c) For any D in modΛ, Exti
FM1
(M2, D) ≃ Ext
i
Λ(M2, D), for 0 <
i ≤ k.
Proof. (a)⇒(b) Let C be in modΛ and let
· · · → Pl
fl−→ · · · → P1
f1
−→ P0
f0
−→ C → 0
be a minimal FM2-projective resolution ofM1. Set K−1 =M1 and Ki =
Ker fi, for i = 0, 1, 2, . . .. We first show that for all i = −1, 0, 1, 2, . . .
we have
Ext1FM2
(Ki,M1) ≃ Ext
1
Λ(Ki,M1).
Applying the functor HomΛ(−,M1) to the short exact sequence
0→ Ki+1 → Pi+1 → Ki → 0
we get the long exact sequence
HomΛ(Pi+1,M1)→ HomΛ(Ki+1,M1)→ Ext
1
Λ(Ki,M1)→ Ext
1
Λ(Pi+1,M1).
But since M2 ⊥k M1 and Pi+1 is in addM2, we have Ext
1
Λ(Pi+1,M1) =
(0). So Ext1Λ(Ki,M1) is the cokernel of the map HomΛ(Ki+1,M1) →
HomΛ(Pi+1,M1). The short exact sequence
0→ Ki+1 → Pi+1 → Ki → 0
is FM2-exact so we also have the following long exact sequence
HomΛ(Pi+1,M1)→ HomΛ(Ki+1,M1)→ Ext
1
FM2
(Ki,M1)→ Ext
1
FM2
(Pi+1,M1)
and since Ext1FM2
(Pi+1,M1) = (0), Ext
1
FM2
(Ki,M1) is the cokernel of
the map HomΛ(Ki+1,M1)→ HomΛ(Pi+1,M1). Hence
Ext1FM2
(Ki,M1) ≃ Ext
1
Λ(Ki,M1),
for all i = −1, 0, 1, 2, . . . . In particular we have that
Ext1FM2
(C,M1) ≃ Ext
1
Λ(C,M1).
Next we show that for all i = −1, 0, 1, 2, . . . and 2 ≤ j ≤ k
Extj−1Λ (Ki+1,M1) ≃ Ext
j
Λ(Ki,M1).
To do this, we apply the functor HomΛ(−,M1) to the short exact se-
quence
0→ Ki+1 → Pi+1 → Ki → 0
and we get the long exact sequences
Extj−1Λ (Pi+1,M1)→ Ext
j−1
Λ (Ki+1,M1)→ Ext
j
Λ(Ki,M1)→ Ext
j
Λ(Pi+1,M1).
But sinceM2 ⊥k M1 and Pi+1 is in addM2, we have that Ext
j−1
Λ (Pi+1,M1) =
0 and ExtjΛ(Pi+1,M1) = 0 which implies that
Extj−1Λ (Ki+1,M1) ≃ Ext
j
Λ(Ki,M1).
Now using the above we can see that for all 2 ≤ i ≤ k we have
ExtiFM2
(C,M1) ≃ Ext
i−1
FM2
(K0,M1) ≃ · · · ≃ Ext
1
FM2
(Ki−2,M1) ≃
RELATIVE HOMOLOGY AND MAXIMAL l-ORTHOGONAL MODULES 7
Ext1Λ(Ki−2,M1) ≃ Ext
2
Λ(Ki−3,M1) ≃ · · · ≃ Ext
i
Λ(C,M1)
which completes the proof.
(b)⇒(a) Set C =M2. Then we have that Ext
i
FM2
(M2,M1) = (0), since
M2 is FM2-projective, hence Ext
i
Λ(C,M1) = (0), for 0 < i ≤ k.
The proof of (a)⇔(c) is symmetric. 
2. Cotilting and maximal orthogonal modules
In this section we state and prove the main theorem and give the
connections with Iyama’s result. But let us start by recalling Iyama’s
definition for maximal l-orthogonal Λ-modules. Set M⊥k = {Y ∈
modΛ |M ⊥k Y } and
⊥kM = {X ∈ modΛ | X ⊥k M}.
Definition 2.1. A Λ-module M is called maximal l-orthogonal if
M⊥l = addM = ⊥lM.
The following conjecture was stated in [11].
Conjecture 2.2 (O. Iyama). LetM1 andM2 be maximal l-orthogonal
in modΛ. Then their endomorphism rings, EndΛ(M1) and EndΛ(M2),
are derived equivalent.
Before we continue, we give a characterization of maximal orthogonal
modules that can be found in a more general setting in [11, Proposition
2.2.2]. For convenience, we restate it and prove it here in the language
of relative homology. We call a Λ-module k-selforthogonal if M ⊥k M
holds.
Proposition 2.3. Let M be in modΛ and l a positive integer. The
following are equivalent for any integer k, such that 0 ≤ k ≤ l.
(a) M is maximal l-orthogonal in modΛ,
(b) M is a generator-cogenerator for modΛ, M is l-selforthogonal
and pdFMX ≤ l − k for any X in
⊥kM ,
(c) M is a generator-cogenerator for modΛ, M is l-selforthogonal
and idFMY ≤ l − k for any Y in M
⊥k .
Proof. (a)⇒(b) Let
· · · →Ml−k
fl−k
−−→Ml−k−1 → · · · →M1
f1
−→ M0
f0
−→ C → 0
be a minimal FM -projective resolution of X . Set K−1 = X and Ki =
Ker fi, for i = 0, 1, 2, . . .. We want to show that Kl−k−1 is in addM .
In order to do this, we show that ExtjΛ(M,Kl−k−1) = (0), for all j =
1, 2, . . . , l. For all i, applying the functor HomΛ(M,−) to the short
exact sequence
0→ Ki+1 →Mi+1 → Ki → 0
we get the long exact sequence
HomΛ(M,Mi+1)→ HomΛ(M,Ki)→ Ext
1
Λ(M,Ki+1)→ Ext
1
Λ(M,Mi+1).
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Since M is l-selforthogonal with l ≥ 1 and Mi+1 is in addM , we have
that Ext1Λ(M,Mi+1) = (0). Moreover, since the short exact sequence
0→ Ki+1 →Mi+1 → Ki → 0 is FM -exact, the map HomΛ(M,Mi+1)→
HomΛ(M,Ki) is an epimorphism. Hence Ext
1
Λ(M,Ki+1) = (0). From
the same short exact sequence we also get the long exact sequences
Extj−1Λ (M,Mi+1)→ Ext
j−1
Λ (M,Ki)→ Ext
j
Λ(M,Ki+1)→ Ext
j
Λ(M,Mi+1).
For 2 ≤ j ≤ l, since M is l-selforthogonal and Mi+1 is in addM , we
have that Extj−1Λ (M,Mi+1) = (0) and Ext
j
Λ(M,Mi+1) = (0), which
implies that
Extj−1Λ (M,Ki) ≃ Ext
j
Λ(M,Ki+1), 2 ≤ j ≤ l
Now, using the above, we can compute the groups ExtjΛ(M,Kl−k−1) as
follows:
for 2 ≤ j ≤ l − k we have
ExtjΛ(M,Kl−k−1) ≃ Ext
1
Λ(M,Kl−k−j) = (0)
and for j = l − k + s, 1 ≤ s ≤ k we have
Extl−k+sΛ (M,Kl−k−1) ≃ Ext
s
Λ(M,X) = (0).
So we have
ExtjΛ(M,Kl−k−1) ≃ Ext
1
Λ(M,Kl−k−j) = (0), 2 ≤ j ≤ l
and since M is maximal l-orthogonal this implies that Kl−k−1 is in
addM . Hence pdFMX ≤ l − k.
(b)⇒(a) Let X be in modΛ such that ExtiΛ(X,M) = (0), for 0 <
i ≤ l. We will show that X is then in addM . Note that k ≤ l, so
ExtiΛ(X,M) = (0), for 0 < i ≤ k or equivalently X is in
⊥kM , hence
by assumption pdFMX ≤ l − k. If k = 0, this will imply that X is
FM -projective, hence X is in addM . Assume that k > 0 and let
0→Ml−k
fl−k
−−→Ml−k−1 → · · · →M1
f1
−→M0
f0
−→ X → 0
be a minimal FM -projective resolution of X . Set K−1 = X , Ki =
Ker fi, for i = 0, 1, . . . , l − k − 2 and Kl−k−1 = Ml−k. Then, for any i,
applying the functor HomΛ(X,−) to the short exact sequence
0→ Ki →Mi → Ki−1 → 0
we get long exact sequences
ExtjΛ(X,Mi)→ Ext
j
Λ(X,Ki−1)→ Ext
j+1
Λ (X,Ki)→ Ext
j+1
Λ (X,Mi).
SinceM is l-selforthogonal andMi is in addM for all i, we have that the
first and last term of the above sequence vanish for all j = 1, 2, . . . , l−1.
So we have
ExtjΛ(X,Ki−1) ≃ Ext
j+1
Λ (X,Ki)
for all i and for j = 1, 2, . . . , l − 1. But then we have
Ext1Λ(X,K0) ≃ Ext
2
Λ(X,K1) ≃ · · · ≃ Ext
l−k
Λ (X,Kl−k−1) = Ext
l−k
Λ (X,Ml−k) = (0).
RELATIVE HOMOLOGY AND MAXIMAL l-ORTHOGONAL MODULES 9
This implies that the short exact sequence 0 → K0 → M0 → X → 0
splits and hence X is in addM . So M is maximal l-orthogonal.
The proof of (a)⇔(c) is symmetric. 
Setting k = 0 in the above proposition, and using Lemma 1.1, we
have the following nice characterization of maximal l-orthogonal mod-
ules.
Corollary 2.4. Let M be in modΛ and l a positive integer. The
following are equivalent:
(a) M is maximal l-orthogonal,
(b) M is a generator-cogenerator for modΛ, M is l-selforthogonal
and gldimEndΛ(M) ≤ l + 2.
Before we state and prove our main theorem we recall some defini-
tions. A Λ-module M is called cotilting, if it has the following prop-
erties: (1) ExtiΛ(M,M) = (0), for i > 0, (2) idΛM < ∞ and (3)
I(Λ) ⊆ âddM . Similarly, if F = FM is a sub-bifunctor of Ext
1
Λ(−,−),
a Λ-module M is called F -cotilting if : (1) ExtiF (M,M) = (0), for
i > 0, (2) idFM <∞ and (3) I(F ) ⊆ ̂addF M , where ̂addF M denotes
the full subcategory of modΛ consisting of all modules that have a
finite resolution in addM which is in addition F -exact. The notions of
tilting and F-tilting modules are defined dually.
For an artin algebra Λ it is known that when gldimΛ < ∞, a Λ-
module M is tilting if and only if M it is cotilting. The proof is based
on the one to one correspondences between equivalence classes of tilting
or cotilting Λ-modules and certain subcategories of modΛ (see for ex-
ample [12, Theorem 2.1]). A relative version of these correspondences
is proved in [2] and using these one can prove the following:
Lemma 2.5. Let F be a sub-bifunctor of Ext1Λ(−,−) with enough pro-
jectives and M a Λ-module. Assume that gldimF Λ < ∞. Then M is
F -tilting if and only if M is F -cotilting.
We are now in position to give the main theorem of this paper.
Theorem 2.6. Let Λ be an artin algebra withM1 andM2 two generator-
cogenerators for modΛ. Suppose that there exists some positive integer
l such that gldimEndΛ(Mi) ≤ l + 2 for i = 1, 2. The following are
equivalent:
(a) Exti
FM1
(M2,M2) = (0) and Ext
i
FM2
(M1,M1) = (0) for 0 < i ≤
l,
(b) M2 is an F
M1-cotilting module,
(c) M1 is an FM2-cotilting module,
(d) HomΛ(M2,M1) is a cotilting EndΛ(M2)
op-EndΛ(M1)-bimodule.
Proof. (a)⇒(b) First, since gldimEndΛ(M1) ≤ l + 2, applying Lemma
1.1, we see that idFM1M2 ≤ l. Also, by assumption, we have Ext
i
FM1 (M2,M2) =
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(0) for 0 < i ≤ l and since idFM1M2 ≤ l we get Ext
i
FM1
(M2,M2) = (0)
for i > 0. It remains to show that I(FM1) is contained in ̂addFM1 M2.
To do this, we consider a minimal FM2-projective resolution of M1
· · · → Pl → Pl−1
fl−1
−−→ · · · → P1 → P0 →M1 → 0
and we set Kl−1 = Ker fl−1. Since gldimEndΛ(M2) ≤ l + 2, applying
Lemma 1.1 we see that Kl−1 is FM2-projective, so it is in addM2.
Applying the functor HomΛ(−,M1) to this sequence we get a long
exact sequence
0→ HomΛ(M1,M1)→ HomΛ(P0,M1)→ HomΛ(P1,M1)→ · · · →
HomΛ(Pl−1,M1)→ HomΛ(Kl−1,M1).
But, by assumption, ExtiFM2
(M1,M1) = (0) for 0 < i ≤ l, so the above
sequence is exact and the map HomΛ(Pl−1,M1)→ HomΛ(Kl−1,M1) is
an epimorphism, which implies that the sequence
0→ Kl−1 → Pl−1
fl−1
−−→ · · · → P1 → P0 →M1 → 0
is FM1-exact. Thus M2 is an F
M1-cotilting module.
(b)⇒(a) Since M2 is an F
M1-cotilting module, ExtiFM1 (M2,M2) =
(0) for i > 0. Moreover, I(FM1) is contained in ̂addFM1 M2, so there
exists an FM1-exact sequence
(η) : 0→ Pn → Pn−1
fn−1
−−→ · · · → P1
f1
−→ P0
f0
−→M1 → 0
with Pi in addM2, for all i. We will show that (η) is also FM2-exact.
We set Ki = Ker fi for i = 1, . . . , n − 2, K0 = M1 and Kn−1 = Pn.
Then, for any i, applying the functor HomΛ(M2,−) to the short exact
sequence
(ηi) : 0→ Ki → Pi → Ki−1
we get long exact sequences
Extj
FM1
(M2, Pi)→ Ext
j
FM1
(M2, Ki−1)→ Ext
j+1
FM1
(M2, Ki)→ Ext
j+1
FM1
(M2, Pi)
for j > 0. But since Pi is in addM2, for all i, the first and the last term
of these sequences are zero, hence the two middle terms are isomorphic.
So we have
Ext1FM1 (M2, Ki) ≃ Ext
2
FM1 (M2, Ki+1) ≃ · · · ≃ Ext
n−i
FM1
(M2, Kn−1) =
Extn−i
FM1
(M2, Pn) = (0).
for i = 0, 1, . . . , n − 1. But by applying the functor HomΛ(M2,−) to
the short exact sequences (ηi), we also get the long exact sequences
HomΛ(M2, Pi)→ HomΛ(M2, Ki−1)→ Ext
1
FM1
(M2, Ki)
and since Ext1
FM1
(M2, Ki) = (0) for all i, we have that the map HomΛ(M2, Pi)→
HomΛ(M2, Ki−1) is an epimorphism for all i, which implies that (η) is
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FM2-exact. We now apply the functor HomΛ(−,M1) to (η) and we get
the complex
0→ HomΛ(M1,M1)→ HomΛ(P0,M1)→ HomΛ(P1,M1)→ · · · → HomΛ(Pn,M1)→ 0
Since (η) is FM2-exact, the i − th-homology of the above complex is
ExtiFM2
(M1,M1). But since (η) is F
M1-exact, the above complex is
acyclic. Hence ExtiFM2
(M1,M1) = (0), for i > 0, which completes the
proof.
(a)⇔(c) The proof is symmetric to the proof of (a)⇔(b)
(b)⇒(d) Since gldimEndΛ(M1) ≤ l + 2, by Lemma 1.1, we get
gldimFM1 Λ ≤ l and then, by Lemma 2.5, we have that M2 is an
FM1-tilting Λ-module. But then, since I(FM1) = addM1, the mod-
ule HomΛ(M2,M1) is a cotilting EndΛ(M2)
op-module, as shown in [2].
This is equivalent to HomΛ(M2,M1) being a cotilting EndΛ(M2)
op-
EndΛ(M1)-bimodule.
(d)⇒(a) We first show that ExtiFM1 (M2,M2) = (0) for 0 < i ≤ l.
Recall that by Lemma 1.1 we have that gldimFM1 Λ ≤ l and let
0→M2 → I0 → I1 → · · · → Il → 0
be a minimal FM1-injective resolution of M2. Then by applying the
functor
HomΛ(−,M1) we get a minimal projective resolution of the EndΛ(M1)-
module HomΛ(M2,M1)
0→ HomΛ(Il,M1)→ HomΛ(Il−1,M1)→ · · · → HomΛ(I1,M1)→
HomΛ(I0,M1)→ HomΛ(M2,M1)→ 0
Applying the functor HomEndΛ(M1)(−,HomΛ(M2,M1)) to the last se-
quence we get the following commutative exact diagram where the
notation has been simplified
0 // ((M2,M1), (M2,M1))
≀

// ((I0,M1), (M2,M1))
≀

// · · · // ((Il,M1), (M2,M1))
≀

// 0
0 // (M2,M2) // (M2, I0) // · · · // (M2, Il) // 0
From the above diagram we see that
Exti
FM1
(M2,M2) ≃ Ext
i
EndΛ(M1)
(HomΛ(M2,M1),HomΛ(M2,M1)) = (0),
for i > 0, since HomΛ(M2,M1) is a cotilting EndΛ(M1)-module.
Symmetrically, starting with a minimal FM2-projective resolution of
M1 and applying the functor HomΛ(M2,−) we can show that
ExtiFM2
(M1,M1) ≃ Ext
i
EndΛ(M2)op
(HomΛ(M2,M1),HomΛ(M2,M1)) = (0)
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for i > 0. Here we are using that HomΛ(M2,M1) is a cotilting EndΛ(M2)
op-
module. 
The following easy consequence of the above theorem generalizes the
Theorem 5.3.2 in [11].
Corollary 2.7. Let M1 and M2 be maximal l-orthogonal modules in
modΛ such that Exti
FM1
(M2,M2) = (0) and Ext
i
FM2
(M1,M1) = (0) for
0 < i ≤ l. Then their endomorphism rings, EndΛ(M1) and EndΛ(M2),
are derived equivalent.
Proof. Let M1 and M2 be maximal l-orthogonal modules in modΛ
satisfying the assumption of the Corollary. By Proposition 2.4 and
Proposition 1.1 we have thatM1 andM2 are generator-cogenerators for
modΛ with gldimEndΛ(Mi) ≤ l+2, i = 1, 2. Then using Theorem 2.6
and we get that HomΛ(M2,M1) is a cotilting EndΛ(M2)
op-EndΛ(M1)-
bimodule and hence EndΛ(M1) and EndΛ(M2) are derived equivalent
by a result of Happel [9]. 
Although it is obvious from our Theorem 2.6 that Iyama’s orthog-
onality condition on two maximal l-orthogonal modules M1 and M2
implies the vanishing of Exti
FM1
(M2,M2) and Ext
i
FM2
(M1,M1) for 0 <
i ≤ l, it is interesting to give a direct proof of this fact. This is done
in the next proposition.
Proposition 2.8. Let M1 and M2 be maximal l-orthogonal in modΛ.
Assume that there exists a positive integer k, such that k ≤ l ≤ 2k + 1
and M2 ⊥k M1. Then
(a) ExtiFM2
(M1,M1) = (0), 0 < i ≤ l,
(b) ExtiFM1 (M2,M2) = (0), 0 < i ≤ l.
Proof. (a) For 0 < i ≤ k, since M2 ⊥k M1, by Proposition 1.3 we have
that
ExtiFM2
(M1,M1) = Ext
i
Λ(M1,M1).
But M1 is l-orthogonal, so Ext
i
Λ(M1,M1) = (0), for 0 < i ≤ k. Hence
ExtiFM2
(M1,M1) = (0), for 0 < i ≤ k.
For i > k+1, since l ≤ 2k+1, we have that i > l−k. But sinceM2 is
maximal l-orthogonal, by Lemma 2.3 we have that pdFM2M1 ≤ l − k.
So ExtiFM2
(M1,M1) = (0), for i > k + 1.
For i = k+1, if l < 2k+1, we have again that i > l−k, so using the
same argument as before we get that ExtiFM2
(M1,M1) = (0). It remains
to show that Extk+1FM2
(M1,M1) = (0), in the case where l = 2k + 1. In
order to do this, consider a minimal FM2-projective resolution of M1
· · · → Pk
fk−→ Pk−1 → · · · → P1
f1
−→ P0 →M1 → 0
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and set Ki = Ker fi, for i = 0, 1, . . .. Then we have
Extk+1FM2
(M1,M1) ≃ Ext
k
FM2
(K0,M1) ≃ · · · ≃ Ext
1
FM2
(Kk−1,M1) ≃
Ext1Λ(Kk−1,M1) ≃ · · · ≃ Ext
k
Λ(K0,M1).
To show these isomorphisms we use the same arguments as in the proof
of 1.3 and we omit here the details. Applying the functor HomΛ(−,M1)
to the short exact sequence
0→ K0 → P0 → M1 → 0
we get the long exact sequence
ExtkΛ(P0,M1)→ Ext
k
Λ(K0,M1)→ Ext
k+1
Λ (M1,M1).
SinceM1 is l-orthogonal and k+1 < l, we have that Ext
k+1
Λ (M1,M1) =
(0) and sinceM2 ⊥k M1 and P0 is in addM2, we have that Ext
k
Λ(P0,M1) =
(0). So ExtkΛ(K0,M1) = (0) and hence Ext
k+1
FM2
(M1,M1) = (0), which
completes the proof.
The proof of (b) is symmetric. 
The converse of Proposition 2.8 is not in general true, as the following
example shows.
Example 2.9. Let Q be the quiver
1
α // 2
β


3
γ
[[666666
and KQ the path algebra of Q over some field K. Let also I be the
ideal of KQ generated by all paths of length 5 and consider the factor
algebra Λ = KQ/I. Set
M1 = P1 ⊕ P2 ⊕ P3 ⊕ S1 ⊕ P3/r
2P3
and
M2 = P1 ⊕ P2 ⊕ P3 ⊕ S1 ⊕ P1/r
2P1,
where Pi denotes the indecomposable projective Λ-module correspond-
ing to vertex i, for i = 1, 2, 3 and S1 denotes the simple module in
vertex 1. It is easy to verify thatM1 andM2 are maximal 2-orthogonal
modules in modΛ. Moreover, the modules M1 and M2 are connected
via the following exact sequence:
(η) : 0→ P1/r
2P1 → S1 ⊕ P1 → S1 ⊕ P3 → P3/r
2P3 → 0.
Observe that the above sequence is both an FM2-exact and an F
M1-
exact sequence. Hence (η) can be viewed both as an FM2-projective
resolution of P3/r
2P3 and as an F
M1-injective resolution of P1/r
2P1.
But then, if we apply the functor HomΛ(−,M1) to (η), the resulting
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complex is acyclic, since (η) is FM1-exact, so ExtiFM2
(P3/r
2P3,M1) =
(0), for i > 0 and hence ExtiFM2
(M1,M1) = (0), for i > 0. Also, if we
apply the functor HomΛ(M2,−) to (η), the resulting complex is acyclic,
since (η) is FM2-exact, so Ext
i
FM1 (M2, P1/r
2P1) = (0), for i > 0 and
hence ExtiFM1 (M2,M2) = (0), for i > 0. Thus, we have shown that M1
and M2 satisfy the conclusions (a) and (b) of Proposition 2.8. Next we
consider the short exact sequence
0→ P3/r
2P3 → P1/ SocP1 → P1/r
2P1 → 0.
The sequence is non split, so Ext1Λ(P1/r
2P1, P3/r
2P3) 6= (0), hence
Ext1Λ(M2,M1) 6= (0) which implies that Iyama’s orthogonality con-
dition does not hold for M1 and M2.
In fact, in the above example, we can compute all maximal 2-orthogonal
Λ-modules and we can then see that they are all connected with se-
quences which have the properties of (η), meaning that we can get one
from the other by exchanging one indecomposable summand using ap-
proximations. Thus, for the above example, Iyama’s conjecture is true.
We complete this section with a proposition showing the connection
between these exchange sequences and the vanishing of the relative
ExtF .
Proposition 2.10. Let Mi = N ⊕ Xi be in modΛ such that N is a
generator-cogenerator for modΛ and Xi are indecomposable not con-
tained in addN , for i = 1, 2. Assume that there exists a positive integer
l such that gldimEndΛ(Mi) ≤ l + 2, for i = 1, 2. Then the following
are equivalent:
(a) Exti
FM1
(M2,M2) = (0) and Ext
i
FM2
(M1,M1) = (0) for 0 < i ≤
l,
(b) there exists an exact sequence
(η) : 0→ X2 → N0
f0
−→ N1 → · · · → Nm
fm
−→ X1 → 0
where each map Ker fj →Mj is a minimal left addN-approximation,
each map Mj → Im fj is a minimal right addN-approximation
and (η) is in addition FM1-exact and FM2-exact.
Proof. (a)⇒(b) Using Theorem 2.6 we have that HomΛ(M2,M1) is a
cotilting EndΛ(M1)-module. Also we know that HomΛ(M1,M1) is triv-
ially a cotilting EndΛ(M1)-module. So the EndΛ(M1)-modules HomΛ(X2,M1)
and HomΛ(X1,M1) are complements of the almost complete cotilting
EndΛ(M1)-module HomΛ(N,M1). Then, by [7], there exists an exact
sequence
0→ HomΛ(X1,M1)
f⋆m−→ HomΛ(Nm,M1)→ · · ·
f⋆1−→ HomΛ(N1,M1)
f⋆0−→
HomΛ(N0,M1)→ HomΛ(X2,M1)→ 0
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where each map Im f ⋆j → HomΛ(Nj ,M1) is a minimal left addHomΛ(N,M1)-
approximation and each HomΛ(Nj ,M1)→ Coker f
⋆
j is a minimal right
addHomΛ(N,M1)-approximation. SinceM1 is a cogenerator for modΛ,
we have that for all j, f ⋆j = HomΛ(fj ,M1) for some fj : Mj → Mj+1
and the sequence
(η) : 0→ X2 → N0
f0
−→ N1
f1
−→ · · · → Nm
fm
−→ X1 → 0
is FM1-exact. Moreover each map Ker fj → Mj is a minimal left
addN -approximation, each mapMj → Im fj is a minimal right addN -
approximation. It remains to show that (η) is in also FM2-exact. To do
this, we apply the functor HomΛ(M2,−) to (η) and we get the complex
0→ HomΛ(M2, X2)→ HomΛ(M2, N0)→ HomΛ(M2, N1)→ · · · →
HomΛ(M2, Nm)→ HomΛ(M2, X1)→ 0.
But (η) can be viewed as an FM1-injective resolution of X2 and then
the j-th-homology of the above complex is Extj
FM1
(M2, X2) which is,
by assumption, zero. So the complex is acyclic which implies that (η)
is FM2-exact.
(b)⇒(a) Assume that there exists a sequence (η) as in (b). Then (η)
can be viewed both as an FM1-injective resolution of X2 and as an FM2-
projective resolution of X1. If we apply the functor HomΛ(M2,−) to
(η), the resulting complex will be acyclic since (η) is FM2-exact, hence
ExtiFM1 (M2, X2) = (0), for i > 0, which implies that Ext
i
Λ(M2,M2) =
(0), for i > 0, since N is FM1-injective. Similarly, if we apply the
functor HomΛ(−,M1) to (η), the resulting complex will be acyclic since
(η) is FM1-exact, hence ExtiFM2
(X1,M1) = (0), for i > 0, which implies
that ExtiΛ(M2,M2) = (0), for i > 0, since N is FM2-injective. 
Note that the integerm that appears in the sequence (η) of the above
proposition can be at most l − 1, by Proposition 1.1.
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